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A GENERAL MINIMAL REPAIR
MAINTENANCE MODEL

by
H.W. Block, W.S5. Borges and T.H. Savits

ABSTRACT

A general model is introduced which incorporates minimal repair, planned

and unplanned replacements, and costs which depend on time. Finite and in-

finite horizon results are obtained. Various special cases are considered.

Furthermore a shock model with general cost structure is considered.
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1. Introduction

Most of the literature concerning the stochastic behavior of repairable
systems assumes that when a unit is repaired, it becomes as good as new.
‘Although this assumption provides a technical convenience, in many situations
it is not realistic. A more realistic situation is that when the unit is
repaired, it is restored to its functioning condition just prior to failure.
This is called minimal repair. Several authors have discussed this situation.
See for example Ascher and Feingold (1979) and the references contained in that
paper.

Barlow and Hunter (1960) considered minimal repair in the case of periodic
replacement or overhaul at times T,2T,3T,... (for some T>0) and minimal
repair if the system failed otherwise. They considered costs hz of replacement
and Cl for each minimal repair. This model has been generalized by Beichelt
(1976), Boland and Proschan (1982) and Boland (1982).

In this paper a general model which incorporates minimal repair, planned

and unplanned replacements, and costs which depend on time. The model is

described explicitly at the beginning of the next section. The expected long

run average cost is derived for this model and optimization results are obtai-ed

in both the finite and infinite horizon case. A shock model similar to the one

of Boland and Proschan (1983) is proposed, but with general cost structufe.

As special cases, various results from Barlow and Proschan (1965) are obtained

as well as many of the results of Beichelt (1976), Boland and Proschan (1982)
and Boland (1982).

In Section 2, the model is described, then the total expected long run
cost per unit time is found. Theorem 2.10 gives a general optimization result
for the infinite horizon case. Theorem 2.13, 2.14 and Corollary 2.15 give
f finite horizon result. Also varioué special cases are detailéd.

Section 3 contains the shock model with general cost structure.




2. General model

We ;:onsider a preventative maintenance model in which minimal repair or
replacement takes place according to the following scheme. An operating unit
is completely replaced whenever it reaches age T (T>0) at a cost <o {planned
replacement). If it fails at age y<T, it is either replaced by a new unit
with probability p(y) at a cost c_ (unplanned replacement), or it undergoes
minimal repair with probability q(y) =1 -p(y). The cost of the i-th minimal
repair is ci(y). After a complete replacement (i.e., an unplanned or planned
replacement by a new unit), the procedure is repeated. We assume all failures
are instantly detected and repaired. We always assume <o > 0.

The survival distribution f‘(y) of a unit is assumed to be a continuous
function of y. If no planned replacements are considered (i.e., T=«), the
survival distribution of the time between successive unplanned replacements
is given by

] Y -4
(2.1) FP(Y) = exp{~ Jop(x)F (x)dF(x)}.
See Block, Borges, and Savits (BBS) (1982) for a derivation of this result.

Let Y

l,YZ,.. .

*
YiAT (where aAb=min(a,b)) for i=1,2,... . Let Ri denote the operational

x %
Thus {(Yi,Ri)} constitutes a renewal reward process.

be iid random variables with survival distribution i-"'p and

*
=

i

cost over the renewal interval Y

set Y
*
e
If K(t) denotes the expected cost of operating the system over the time in-

terval [0,t], then it is well known that

*
E[R,]

(2.2) 10 KO L L
oo E[Yll

(See, e.g., Ross (1970), page 52). We shall denote the right-hand side of




(2.2) by B(T).

T

* - *

Since E[Yl] = [ Fp(t)dt, we need only evaluate E[RI]' Using the techniques
0

of BSS (1982), one obtains that

T

- y oo
(2.3) E(Rjl=cF (D) +cgf (1) + f a(y)h(y) exp{foq(z)F ! (2)aF(2) }eF(y),

0

where

y y
(2.4) h(y) = Z cj,,_l(y’) exp{~ f q()¥F ~ (war)} + Py ([ a)F Tt (warwn.
0

The tedious but routine detalls are contained in the Appendti. If M(y) denotes a
y -
nonhomogeneous Poisson process with mean [ q(u)F ]'(u)dF(u), then we can also

write (2.4) as

(2.5) h(y) = Eley gy 1.

(2.6) Remark. We shall only consider cost structures such that h(y) is

finite for all y>0.

2.1 Infinite horizon.
For the infinite horizon case we want to find a T which minimizes B(T),

the total expected long run cost per unit time. Recall that

T 4
c F (T)+co?‘ (D) + [ q(y)h(y) exp{[ q(2)F " (2)dF(2) }4F(y)
® p P 0 0

(2.7) B(%) = T
Jon(y)dy

We now assume that F is absolutely continuous with failure rate function r and

that the functions r, p and h are continuous. 1In this case we can differen~-

tiate B with respect to T. Hence %f = 0 if and only if ) 4
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T
(2.8) 0= {J [p(T) x(T) -p(y)r(y)]?P(y)dy] [e-cg B(D] - ¢,
0
| T } T _
{ +[ [h('r)-h(y)]r(y)q(y)Fp(y)dy+h(T)j [r(T)-r(y)]Fp(y)dy-
i 0 0

We can also rewrite the above as

T
(2.9 0= {[ [P(T)2(T) - p(¥)x(y)IF (y)dy}e ¢yl ~c,
0 P

T
+ I [h(T)r(T)q(T) - h(y)r(y)q(y) ]?p(y)d}'-
0

(2.10) Theorem. Let F have failure rate r and suppose that the functions r,p
and h are continuous. Then if either

(a) r,p'r and h are increasing with r unbounded and ¢, +h(T) <c_

0

for all T>0,
or

(b) (C;CO)P(Y)t(y) +h(y)r(y)q(y) increases to + =,
then there exists at least one finite positive T0 which minimizes the total
expected long run cost per unti time B(T). Furthermore if any of the func-

tions in (a) or (b) are strictly increasing, then TO is unique.

Proof. 1If the conditions of the theorem are satisfied, then the right-hand
side of (2.8)(2.9)) is a continuous increasing function of T which 1s nega-
tive (-—co) at T=0 and tends to + » as T+ +, Hence there is at least one
value °°>’1‘0>0 which satisfies (2.8)((2.9)). Since B'(T) has the same sign

change pattern (-,0,+), it follows that B has a minimum at To. Under the
strict increasing assumption, B(T) is strictly increasing and so TO is

unique.

(2.11) Remark. If cj(y) increases in j and y, then h(y) is increasing. If
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Case la (p=0, cj(t)=-q(t)). This was the case considered by Boland (1982). Here

also cj is continuous and h(y) is finite for all y >0, then h(y) is continuous.

(2.12) Special cases:

Case 1 (ps0). This case corresponds to the situation of minimal repairs with
no unplunned replacement. It is more general than the model considered by
Boland (1982) since the cost of minimal repairs cj(y) depends on the number

j as well as the age y. Now (2.7) reduces to

T

B(D = T '[e, + f hF L (dFy]

0

and (2.9) becomes

T
¢y = I (h(T)r(T) - h(y)r(y)]ldy.
0

Thus a minimum exists if h(y)r(y) increases to + «.

h(y) =c(y). One special case where the condition in the theorem holds is when
c(t) is increasing to = and F is IFR.

Case 1b (p=0, c,(t) =c,). Boland and Proschan (1982) investigated this case.

3 J

In particular they considered the cost structure c, =a+ jc.

3
Case 2 (pzl). This corresponds to no minimal repair (i.e., only complete
replacements) and reduces to the classical age replacement situation considered
by Barlow and Proschan (1965). Now (2.7) becomes

c F(T) + coi“('r)

T-
F(y)dy
0

B(T) =

and (2.9) reduces to

T
o = (c“-co)fo[r(T)—r(y)lT’(y)dy-

Hence 1if (c_-c )r(y) increases to + », we obtain a minimum. Barlow and Proschan
w Q

(1965) have the equivalent condition that o <c, and r(y) increases to =.




Case 3 (p(t)=p, 0<p<l). 1In this case we are assuming that the probability

of a complete unplanned repair (and consequently minimal repair) does not

depend on age. Thus (2.7) is
- T -
e [1-FP (M1 + ¢ F (D) +q f h(y) F(y)dF(y)
0

B(T) =
(T_
J FP (y)dy
0

and (2.9) becomes

(T -p
" p(cw-co)Jolr(T)-r(y) 1F (y)dy

T
+q J (h(T) £ (T) - h(y) () }FP(y)dy.
0

Therefore, if {P(cm-co)r(y)+q h(y)r(y)} increases to + =, we again achieve a

mininum.

Case 4 (cj(t)Ec). Here the minimal repair costs depend on méither age nor
number and so h(y) =c. Beichelt (1976) considered this case. Equation

(2.7) becomes

T y

e Fo (1) +coF () +c J a(y) exp{J q(2)F "1 (2)dF(2) JaF(y)

0

T—-
jon (y)dy

0

B(T) =

T
= R |
(cw-co)?p(T)+con(T)4-c JOFp(y)F (u)dF(y)

T-
F d
Jo p(y) y
which is equation (6) of Beichelt. Equation (2.8) takes the form

T
¢ " (c;co-c)f [p(T)r(T)-p(y)r(y)]?p(y)dy
0

T o
+c[ [r(T) - r(y)]F_(y)dy.
0 P




e ey

7

Hence 1if {(cm-co-c)p(y)r(y)+c r(y)} increases to +=, then a minimum exists. A

special case.occurs whén c.,+c<c_ and r and p are increasing with r unbounded.
0 o0

2.2 Finite horizonm.
In this section we consider the problem of finding the minimum cost over

a fixed time horizon [0,s). Since the general problem is quite involved,

.wé only consider the case p=0; i.e., no unplanned replacements. This ex-

tends the results of Boland and Proschan (1982).

For the case p=0, one can show using the techniques of BSS (1982)(@s in the

Appendix) that the expected cost on [0,t] due to minimal repaixs only is given by

t =1
f h(y)F “(y)dF(y),
0

where h(y) is as given in (2.4) or (2.5) with q=1; i.e.,

® ]
-R R
h(y) = § ¢, () RO LD
j+l j!
j=0
and R(y) =-1log F(y) is the hazard function of F. Again we only consider

cost structures such that h(y) <= for all O<y<s. We will assume without loss

of generality that the original cost of the system is zero.

(2.13) Theorem. The expected cost in [0,s) of our model with p30 is given by

T

(k-l)c:0 +k I h(y)?-l(y)dF(y) 1if kT=s
K (T) = . 0 s-kT
k%+kfmwfﬁwﬂww-f W F L(y)AF(y) 1f KT<s<(kH)T.
0 0

Furthermore Ks is continuous on [0,s) except possibly at the points s,s/2,s/3,...

and right-continuous at these points. Note that for T=s the cost on [0,8) does not

include the planned replacement cost.
Proof. From our original assumption that F is continuous, the function

ITh(y)f-l(y)dF(y) is continuous. The result follows easily from this.
0




(2.14) Theorem. Let F have failure. rate r and suppose that the function r-<h
is increasing and continuous on [0,s]. Then KS(T) is minimized on [0,s] at

one of the points s,s/2,s/3,... .

Proof. For Te (s/k+l, s/k), we have

dk _(T)
:T = k[h(T)x(T) - h(s-kT)r(s-kT)].
dK (T)
Thus, by our assumptions, :T is nonnegative and the conclusion follows.

(2.15) Corollary. Let F be IFR with a continuous failure rate r on [0,s].
If the functions cj(u) are continuous and increasing in j and u for O<u<s,

then the results of Theorem 2.14 hold.

Proof. One can show that our assumptions on cj(u) imply that h(y) is in-

creasing and continuous in 0<y<s. See Remark (2.11).

3. Shock model

In Boland and Proschan (1983) a system which is subject to shocks is
considered. Under a simple cost structure the problem of optimum replace-
ments is.considered. In this section we examine a similar system but with
general costs which depend on the number of shock and the time at which it t
occurs.

We consider a system which is subjected to shocks at times 81,82,...

according to a nonhomogeneous Poisson process {N(t), t>0} having mean function

S,) is c,(u)

-1’73 3
for u>0 and j=1,2,.... The system is periodically replaced at times T,2T,...

A(t). The cost of operating the system per unit time in (S

at a fixed cost of cg and the shock process resets to zero at each of these

replacements.

i




If k shocks occur in [0,T), the cost of operating the system is given
- by
| s T S, .. AT
' kil j+1 E 3+
C(T) = [ c,,,(u)du + I ¢, ,,(u)du = [ c,,,(u)du.
jm0 Js. Im g K+l o0 Jg.ar M
3 k J
Thus the expected cost is
® o SitT
K(T) = E(c(D] =] ] E[[ ¢y4p (Wdu; N(T) = k]
k=0 j=0 ‘s j/\T

= E[}] c, (I
kZO ;]ZO o 17 IS8,

ary (W U3 N(T) = k]

[0 cj+l(u)E[I[S

[ -] oo

AT,S,, . AT) (w); N(T) =k]du.

k=0 j Z0 h | j+1

For §=0,1,...,k-1 and O<u<T,

E[ ATy (W) N(D) =K] = PS,< u<s, ) 3N(T) = k]

Iis.aT,s

3 j+1

= P[N(u) = J;N(T)=N(u) =k-j],
and for } %, Q<u<T,

E[I AT) (u) ;N(T) =k) = P[Sk:u<T<Sk+1]

(S ATSS 0

= P[N(u) = k,N(T) - N(u) =0].
Thus

- ® ® T
1 KD =TT [ e, PN = 5120 -NG) = k-1du |
~ k=0 3=0 /o 3

T = .= |
- [ [ €341 (0) PINGW) =] [ PINCD)-NCw) = k-31du i
0 j=0 k=]

- H(T) |
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T
(u)] and H(T) = I h(u)du.
0

where h(u) =] ¢

= (u) P[N(u)=3jl=E[c
j=0

3+l N(u)+1

3.1 Infinite horizon.

We consider the process on [0,s). Again we may assume without loss of
generality that the cost of the original system is zero. Then the expected
cost on [0,s] is given by

m[H(T)+c0J + H(s~mT) 1if mT<s<(m¥+l)T

(3.1) KS(T) =
m H(’I.‘)+(m—1)c:0 if mT=s.

Thus the long run expected cost per unit time is

K (T 1-1(T)+co
(3.2) B(T) = lim —= = ,
S0 s T

which is the average cost over (0,T). So to minimize the long run average
cost we want to minimize B(T). Assuming that h(u) is continuous, the condi-

tion % = 0 is equivalent to the well known condition

T
(3.3) J (h(T) ~h(u)]ldu=c

0 0

The following result is now easy to derive.

(3.4) Theorem. If there exists an inverval [0,b), 0<b<», on which h(u) is
continuous, increasing and unbounded, then there exists a solution 0<T6°°
to equation (3.3). Furthermore, if h(u) is strictly increasing, then the solu-

tion is unique.

(3.5) Remark., As before if c (u) increases in j and u, then h(u) is increas-

J

ing. 1If also each c,(u) is continuous, A(u) is continuous, and h(u) is

3

finite for u>0, then h(u) is continuous.

I VVQERPY 1 SV SR




3.2 Finite horizon.

As noted before, the expected cost on [0,s) is given by

m[H(T)+c0]+H(s-mT) 1f mT<s<(m+1)T
(3.6) KS(T) = {

mH(T)+(m—l)c0 if mT = g,

We now want to minimize KS(T) for fixed s. The proofs of the following re-

sults are similar to those in section 2.2.

(3.7) Theorem. The expected cost KS(T) on [0,s) is given by (3.6). If H(u)
is continuous on [0,s], then Ks is continuous on {0,s] except possibly at the

points s,s/2,s/3,... and right-continuous at these points.,

(3.8) Theorem. Assume that h(u) is continuous and increasing on [0,s]. Then

Ks(T) is minimized on [0,s] at one of the points s,s/2,s/3,....

(3.9) Note. - The Remark (3.5) is also pertinent here.
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Appendix

In this section we present the detailed calculations of the expression
given by (2.3). We closely follow the techniques and notation of BBS (1982).
As in BBS (1982) we let {(S(l) (1)), n>1} be a sequence of random

variables, where S( ) >0 denotes the time of the nth repair and Z(l) =0 orl

@ (5O o, () _ -0),

indicates a minimal or a complete repair at time S 1

respectively. We consider the process only up to the first complete repair

1)

at time Y1 =S o1 (1 =1}. Then from Theorem A.4 of BBS (1982)

where v = inf{n: Zn

the {S(l)} are the jump times of a nonhomogeneous Poisson process with mean

0

function J F-l(y)dF(y). Furthermore if p is such that pr(y)?-l(y)dF(y)-=w,
0
then by Theorem A.5 of BBS (1982) Y1 has distribution ?p(y) given by (2.1).

Since

* * *
E{RI] = E[Rl; Yl <T) +E[R1; Yli'r]

(1)

it suffices to compute each term separately. First, since Y11=Sn if and

only if Z(l) e =2z r(‘l) =0 and Z(l) =1, we have

@ n=1
BIRSY, <T]=cF @ +] ] Ele, s v =sPren
3
n=2 j=1

© np-1
=c_F (T)+Z ZE[c (sa)) 2(1)

n=2 j=1

A, zﬁ_} -1, stfndJ

Q".z

- F,m+] ] z[cj(sj(l>)p(s<l>) masd: s e,
j=1n=j+1 =2

where the last equality follows from (A.3) of BBS 1982). We now consider one of
the summands for n 2 j+1. Again using (A.3) of BBS (1982)

Ele, sMhpsP) 1 qcs(”), 5 <T)
i3 1=2

T

T T
- f F’l(s1>q<sl)f F I(sz)qcszx..f F_l(sj)q(.sj)cj(sj)J F s, a0,

0 s1 sj-l | j

T -1 (T
. f F (sn_l)q(sn_l)}s p(sn)dF(sn)...dF(sl)

n=-2 n-1

Fo e

itz s e s okl L
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T sn =1 sj+ {l jF ) ( )
= fop(sn)fo F (s _pals ) ...fo (sj)q(s Yey(sy) Jo (sy_palsy

S
. J 2 ?'l(sl)q(sl)dF(sl)...dF(sJ._l)}dF(sj)...dF(sn)
0

=r (s )fs"?‘lcs Yals_ ) JJH’F (s5)a(s )e,(s,)
opno n-1 n-l”o qi847¢41%84

. <
i -
’ {F}l)—! [Jo Fiwq)dr ()13 ar (s )...dF(s )

3
[rapfnF
= | p(s )J F (s
o "o

)q(s e, (8,) (===

$ - j-1
' F u)q (u)dF (u) 15 7Y
Rl e Jo _

3

p Y *n z-1
. [L F sj+1)q(sj'+l)'"j n ¥ (,sn_l)q(sn_l)dF(sn_l)...dF(s

)14F (s )d‘r"‘(sn)
h| Sh=2

3+l 3

T
jopcs )J F(sp)atse, () iy xf IF () aCwyar )3 ™h

PSS S ¥ -3-1
{(n_j_l)! [Ljr v)q(v)aF(v)I" }dF(sj)dF(,sn).

Thus

T MW@y T @, )
“_nglr:[cj(s:t )p(s, )ifzq‘si-l)’ s <1)

T | z
- f pe) | F (Z)q(Z)cj(z){(j 57 [[ F g u)ar w3
0 0 0

. exp{| F 1(v)q(v)dF(v)}dF (z)dF (w)
Z R

and so

* T Mo
E[R]_;Y <T]=cF _(T) +J p(wlexp{| F “(v)q(v)dF(v)}
1 P 0 Jo

(jz_lc @ 551 [f M aar @1 HF (2)q (2)4F (2)aF )

T
- cQFp ¢y +J'

w
p(w)exp{ f o¥'1<v>qcv)dr(v)} F1(2)q(2)h (2)dF (2)dF (w),
0

0
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h(z) = Xc (z)exp{- F (u)q(u)dF(u)} ,[[ F—l(v)q(v)dF(.V)]j-
j+1 0 it

*
Similar calculations for the term E[Rl; Y, >T] are given below.

1
<« n—
1), .1 M.
E[R ;Y >T]=c0F (T)-:‘Zz jzln[cj(sj )38 21 <TS 7, Y, 2T]
k- -] n-

QA)y., M) ) _p5 D) 1
cof (T):,Zz jEIE[ ey (5,752 =z =0,8 71 <T<S )
¢oF ('r)+2 I E[cj(sj(l))n s s restP.

j=ln=j+1 1=2
For n>j+1,
(1) (L,. ¢ (1)
Ele (s, )iEZQ(S D3 S <Tss ]
T__, T _, T
= IOF (sl)Q(sl)Jle (sz)q(sz)...Isj f (sj)q(sj)cj(sj)J § (sj+1)q(sj+l)"'

T -y
=1
. an-g (sn-l)q(sn—l)JTdF(sn)dF(sn—l) .s .dF(sl)

T _— Sei1 oo
F(T) J Fles_dats, ) IZ‘HF He, ) qcsn_z)...Joj” T s pateyeg ()

0

LfF 2 =-1 . .
{ o (sj-l)q(sj-l)"' o F (sl)q(sl)]d (sl)...d (sn_l)

T
F (s )q(s ).. f 3*l 5 F (sj)q(sj)cj(sj)
0 0

F(T) J
{(j ! [J o (U)q(u)dF(u)]j }dF(sj) AF(s__))

T

-Fm | 71 3

F(T) JOI'F (8:,)q(Sj)cj(sj){(j 1 [I F (u)q(u)dF(U)]
T T

o[ L F (sj+1)q(sj+l)"'L F (sn-l)q(sn-l)dF(sn-l)“‘ dF(sj+1)]dF(sj)

n-2

. e e ——— at——




s
)q(sj)c (s ){TSEYY? [I-ji'l(u)q(u)dF(u)]j-l}

T
= F(T) [ Fls

; . 3 33 0
1 ! 71 (w)qar@) 1™ ar(s))
(n'j-l)! . qu v Sj .

3

Consequently,

* = - Ty T
E[R,3Y, 2T} = ¢ F (T)+F(T) exp {J F “(v)q(v)dF(v) }I F “(z)q(2)h(z2)dF(2),
P 0 0

and so

E[R]] = c, F (1) +cF (D)

T
+ J pw) exp {ri‘:—l(v)q(v)di‘(v) }r?'lczx‘ (2)h(2)dF (2) dF (w)
0 0 0

. T-1 T
+ F(T) exp {JOF (V)Q(V)dF(v)}JoF (z)q(z)h(2)dF(2).

w
But since exp{] -l:"-l(v)q(v)dF(v)} =§-1(w) exp{- ri'l-éy)p(y) dF(y), we obtain
0 0

T
J p(w)exp{rf'-l(v) q(v)dp(v)}ri‘lcz) q(z)h (z)dF (2)
0 ] 0

T (T
- j j F1(2) alz)n (z)p W) -x'p{r?"‘cy) (V) dF (v) }dF (w)dF (2)
072 0

T T
- Ioﬁ-l(z)q(z)h(Z)[I F 1 wyp (wyexpl- H?‘lcymy)d!'(y)}dF(w)ldF(z)
z

T z T
- f F1(z)a(z)h(z) [expl~ J Fl(y)p(y)dF () }-exp {- f F L (9)p (7)AF (Y GF (2)
0 0 0

T-—l 2 1
- I F (z)q(z)h(z)exp{- Io F ~(y)p ¢¥F (¥) }dF (2)
0

- F(T)exp{jo F 1()')q(y)dl"(y)}J F 1(z)q(z)h(.z)di‘(z)-
0




R e TN

%* ) -
E[Rll = cme (1) + con (1) +J

= cme(‘l‘)+con(T) + J

T
i‘_l(z>q (z)h(z) exp{-j f"l(y)p(y)dF(y)}dF(z)
0 0

(T z__q
q(z)h(z) exp{I F (y)q(y)dF(y) }dF(z).
0

0
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